ON THE VARIETY OF SPECIAL LINEAR SYSTEMS ON A GENERAL ALGEBRAIC CURVE PHILLIP GRIFFITHS AND JOSEPH HARRIS
gives the answer in case D is non-special--i.e., h(K-D)= 0--but says little for special divisors, which, as is well known, are usually the divisors that are relevant to specific geometric problems. As a first answer to It appears that the answer to this question was first suggested by Brill and Noether [1] , who asserted that on a general curve of genus g the dimension of W, should be p=g-(r+ 1)(g-d+r)
h(K)-h(D )h(K D ), and the dimension of C equal to p + r.
Assuming this is correct further interesting geometric questions arise" for example, in those cases where p 0 so that W is a finite set of points we may ask, how many? For general p > O, since we have nice descriptions of that part of the cohomology ring generated by analytic subvarieties for both the Jacobian and symmetric product of a curve with general moduli, we may ask What are the cohomolog), classes of the loci W c J ( C ) and C Cd?
Here we recall that the analytic cohomology of J(C), where C has general moduli, is generated by the class 0 of the theta divisor 0-Wg_, and the analytic cohomology ring of C d is generated by the pullback 8 As mentioned before, the roots of this theorem are to be found in the classic paper by Brill and Noether [2] , who proved (I) assuming that W is non-empty.
This was deduced as a consequence of the above formula for the fundamental class w,, which was proved in Kempf [6] and Kleiman-Laksov [8, 9] . in this formula it is assumed that dim W, p, and the multiplicities of the various irreducible components of W are counted. Our main contribution is to establish (II) which together with [6, 8, 9] implies that on a general curve W, and C, have the predicted dimension p and that all irreducible components occur with multiplicity one. Here the case r was proved by Laksov [10] , Lax [l 1] , and Martens [12] and the case r 2 recently by Arbarello and Cornalba. From the point of view of this paper a crucial step was furnished by Kleiman [7] , who revived an old idea of Severi [14] to use a degeneration method of Castelnuovo [3] to establish the dimension statement (IIa). In Kleiman's paper it is rigorously proved that the dimension count would follow" from a transversality statement concerning certain Shubert cycles associated to generic chords to a rational normal curve, and in this paper we shall prove the transversality result which we shall call the Castelnuovo-Severi-Kleiman conjecture. This proof will be given in section 2, after we have given in section a proof of the reduction of (IIa) to the Castelnuovo-Severi-Kleiman conjecture; in section 3 we prove the refined transversality/multiplicity-one assertions in lib and c. Throughout this paper, we will assume the results of Kempf-Kleiman-Laksov, specifically the assertion that "The locus W c J(C) (respectively C c Ca)
supports the cohomology class given in lib," which in particular implies that w. (4) For r > 2, the map On:C---)[.r given by D is a birational embedding. This follows not so much from our main Theorem as from the statement that a general curve C of genus g > 2 cannot be expressed as a multiple cover of any curve C' of genus g' > 1. This is readily seen from a count of parameters: the curve C' will depend on 3g' 3 parameters, and the m-sheeted covering C---> C' depends on b parameters, where b 2g-2 m(2g '-2) is the number of branch points of the cover. Thus if m > 2, C will depend on 2g-2-m--(2g'-2) K 2g-2 < 3g-3 parameters, and so cannot be general.
We see from this that if q'n maps C m-fold onto a curve C o c pr, then C O must be rational, and DI composite with a pencil, contradicting (2) . Finally, is reduced (more precisely, the corresponding component of the Hilbert scheme is reduced).
The last statement will be proved in [1] .
We mention here two further questions one may ask in regard to the "general linear system" D above. First, one may ask for more information about the map qn: in particular, is it the case that for r > 3 qn is a biregular embedding; and, more generally, for 
It has been proved that for D as above, the second map g0 does have maximal rank (to appear [1] )" as for the first collection of maps--whose rank in effect describes the postulation of the image curve 4,n(C)c Pr-- The next step in the analysis of C was taken by Kempf [6] and Kleiman-Laksov [8] and [9] . In the second Kleiman-Laksov paper the idea is to compute the expected classes c, and w by globalizing the above argument and, [7] , using the techniques of modern algebraic geometry, analyzed with complete rigor the behavior of linear systems on suitably degenerating curves and established the first half of Severi's projected argument. The upshot is that parts IIa and b of the main theorem were reduced to the following statement concerning the intersection of Schubert cycles" CASTELNUOVO-SEVERI-KLEIMAN CONJECTURE. If, for any chord to a rational normal curve C c pd we denote by o(l) C G(k, d) the Schubert cycle of k-planes A that meet l, then for generic chords the intersection
It is interesting to go back and look at the original paper [3] of Castelnuovo, in which the idea of studying linear systems on a general curve by specializing to a g-nodal curve first appears. Again, it must be borne in mind that to Castelnuovo parts and IIa of the main theorem above were proven theorems; he was attempting to establish, in effect, a special case (p 0) of part IIb. Nonetheless, he seems to be aware of at least some of the difficulties involved in making precise the sort of argument he suggests: in a footnote to the article in Atti Acc. Lincei (which was altered in the version published in his Memoire Scelte) he points out that his argument is based "more on intuition (and on various examples) than on a true mathematical proof". He concludes by saying that "we allow ourselves to use a principle as yet unproved in order to solve a difficult problem, because 
The purpose of the present paper is to complete Severi's program by giving a proof of this conjecture and thereby concluding the main theorem as stated above. Our proof shows that the conjecture is in fact valid for any non-degenerate irreducible local piece of complex-analytic arc in In section we will examine the behavior of linear systems under a Castelnuovo specialization and give an argument, within the framework and from the point of view of this paper, of the reduction of the dimension-theoretic part of the main theorem to the Castelnuovo-Severi-Kleiman conjecture. Our analysis is m6re elementary but yields somewhat less information that that in [7] " it is included here for the sake of completeness.
In section 2 we give a proof of the conjecture. Very briefly the idea is to degenerate further by carefully letting the g chords come together. Put another way, the main difficulty in the problem is what is meant by a general curve? Since all rational normal curves are the same, the 3g-3 moduli have become the 2g-3 moduli of g generic chords. By letting the chords come together we eliminate all moduli or, more geometrically, we degenerate the Castelnuovo g-nodal curve to a rational curve having one nasty but rigid singularity.
Finally, in section 3 we use the transversality statement to conclude the last part of the main theorem.
In writing up the arguments in each of the two steps of the proof we have in each instance given what were to us the crucial examples--that is, those special cases that when properly understood showed how the general argument should go.
(e) We now give some notations and terminology. Throughout we shall use the word "curve" to mean a smooth nonhyperelliptic curve of genus g > 3. We shall use standard algebro-geometric notations--such as D] for a linear system of divisors, K for the canonical line bundle, etc.--all of which are the same as in [5] . Additionally we make the following conventions:
) is the Grassmannian of W"s in pa; it is the same as the Euclidean
(ii) In section 2 we shall use l(p, q) to denote the Schubert cycle oa_ k_ (--) of k-planes meeting the line --4; and (iii) Finally, we shall frequently use without mention the well-known fact that any rational mapping of a smooth curve to a Grassmannian is in fact holomorphic: we embed the Grassmannian in projective space, and then the map is given on the punctured disc 4 0 by f(t) fo(t) fa(t)
where the f.(t) are holomorphic for v 0 and meromorphic at O. We may write f(t)= tag(t) where all g(t) are holomorphic at t= 0 and some g(O) O, and then
is holomorphic at the origin.
In addition, we want to introduce here one notion that will be used repeatedly in the remainder of this paper" the multiplicity mp(C. or, equivalently, the intersection of the hyperplanes satisfying this condition. It is worth pointing out that if the points p are not inflectionary on C--as for example will always be the case if C is a rational normal curvewthen this is just the span of the osculating (ml-1)-plane to C at p, the osculating (m 2 1)-plane to C at P2, and so on.
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Finally, we would like to thank the referee of this paper for a number of very valuable suggestions. analyzed. This is the method employed by Kleiman [7] , and in a sense is the most natural approach to the problem. The approach taken here will be based on synthetic geometry: rather than compactifying the family W(C) for singular curves C as above, we will compactify the locus of associated special secant planes to the canonical curves.
In fact, since we are then dealing with subvarieties of the Grassmannian the compactification already exists, and it is our task to interpret geometrically what we get. This whole approach is motivated by the geometric version of the Riemann (*)
The remainder of this chapter will be devoted to showing that (*) follows from the Castelnuovo-Severi-Kleiman conjecture. To do this, we let C O be a general 2The existence of such a family, given C 0, is established in [7] . Assuming the Castelnuovo-Severi-Kleiman conjecture, the family of such linear systems is parametrized by the A's as above, and it has dimension exactly g-(r++ l)(g-d+r+).
Accordingly the family of all such divisors on C o has dimension g-(r++ 1)(g-d+r+)+r+e=p+r-e(g-d+Zr+). At the same time, we consider the secant planes associated to the dual series; that is, we let Z', c G(e-s 1, g-1) be the locus of e (2g-2-d)-secant (e-s-1)=(g-r-2)-planesto C, Z'= {(t,A')'AZt, tv0 } and E6 the fiber of E' over O. We note that since dim W dim W, we have dime t> g-(r+ 1)(g-d+r)+r and dimE', >g-(s+ 1)(g-e+s)+s =g-(g-d+r)(r+ 1)+g-d+r-1
and that it will suffice to prove equality in either of these inequalities. An example should help to clarify the sort of phenomena that may be expected. Consider a smooth canonical curve C c p3 of genus 4. Such a curve is the transverse intersection of a quadric surface Q c p3 with a cubic S; assume that Q is of rank 3, i.e., a cone over a plane conic. C will then possess one g, with trisecant lines the lines of the cone Q. Now let the cubic surface S vary in a pencil (St), with S o simply tangent to Q at four points so that the curve C o Q N S o is Castelnuovo. This is a nice degeneration: as C Q fq S moves toward C o, the actual locus Z of trisecant lines remains fixed; in the limit the generic line avoids the nodes of C o while four lines pass through the nodes and meet C o once elsewhere.
Suppose, on the other hand, we take S a pencil with S o passing simply through the vertex of C o and tangent at three other points. Again, C o acquires four ordinary nodes; but now we see that, in the limit, all the trisecant lines pass through the node of C at the vertex of Q. Thu it is possible--at least in some families--that the planes of Z o all contain a node of C o (note, however, that by virtue of the requirement that Q be singular this is not a generic degeneration, and C o not a generic Castelnuovo canonical curve). We observe one peculiar phenomenon: while in the first case the four trisecant lines passing through the nodes of C o met C o residually in only one point, in the second case, where every trisecant line passes through a node, the general one still meets There is one more remark to be made here" that A' as chosen above is a general point of Z' To see this, note that since the fibers of the incidence 
But assuming the conclusion of lemma 1', (1) (There is a quadric containing them, and it must be smooth if the lines are skew.) The three lines will all be elements of one ruling of Q, and will be met by any line of the other ruling; conversely any line meeting all three has three points of intersection with Q, and so must lie in Q and be a member of the second ruling. Thus if l, 2, 13 are any three skew chords to C, the intersection 0(1) f-) 0 (12)(q 0(13) and consider the fiber Z e of Z over p. Suppose (A, p) Z e is the limit of a family {(Ar, r) Zr}. Then since A meets both and , and has a line Lr in common with the 3-plane pqrs for each r, we see that A A e must meet both -and p--g and have the line Lp limr_,pL in common with the 3-plane 2p; q,s lim_,e p, q, r,s. The fiber Zp is thus contained in (in fact, equal to) the union of the Schubert cycles oa_k_,a_k_(p,q,s) and oa_,a_k_z(p;2p, q,s), each of which has codimension 2d-2k-2 2. codim-r. Indeed, something more emerges from this argument: in view of the identity (Od_k_l) 2-" Oa_k_,a_k_ + oa_k,a_k_ 2 in the cohomology ring of the Grassmannian and the independence of the two cycles on the right, we may conclude that the general fiber Zr "r(p, q) fq '(r, s)
has no multiple components: every fiber of Z has class oa_k_l,a_k_ + oa_,,a_,_2; so that the central fiber Ye' having support contained in the union of two such cycles, must in fact be equal to these two cycles, each taken with multiplicity 1. The locus of r for which ']r has a multiple component being closed, we see that it is a proper subvariety of C.
This procedure may be carried a few stages further. For example, to show that the intersection of Schubert cycles -(p,q), '(r,s), and z(u,v) is generically transverse, it suffices to show this for the intersection of a general -(u, v) with each of the cycles Od_k_,d_k_(p',q,s) and Od_k. d_,_2(p; 2p, q,s) . This may be done similarly, by letting the point u tend to p and identifying the limiting position of the intersection in each case as a union of Schubert cycles. A technical difficulty soon arises, however: the Schubert cycles obtained in the limit become progressively more complicated, and the degeneration is hard to keep track of in general. What seems required to carry out this idea is that we The process of degeneration to be used here involves two steps. For example, if we want to show that the cycle Oa__,d__2(p) of k-planes meeting the tangent line 2p to C at p and having a line in common with the osculating 3-plane 4p intersected the cycle '(q, r) in the right dimension for general q and r, we would first let r tend to p. Formally, this means we set Z(q) {(A; r)" A Oa_k_,,a_k_z(p) q '(q,r), r =/=p} C G C and consider the fiber E(q)e over p. 
and has no multiple components. It is understood that the intersection is empty in case the dimension is negative.
Proof. The proof will be by induction on the number g of chords. Before beginning, we make one observation" if a 0 d-k--that is, if every plane A o (p) contains p--then_ projection w from p to a hyperplane pal-l maps C to a rational normal curve C in pd-, to a generic chord of (, and %(p) isomorphically to the Schubert cycle Oa, ak (r(p)) c G(k 2, d-2). Thus we assume the result as stated for g chords and prove it for g + chords with ao<d-k.
This said, set (q, r) and (q, r) be g + generic pairs of points on C; denote by " the intersection "r(ql, r) Z(Clg, rg).
We consider first the limit of the intersection %(p) z(q, r) as r tends to p; that is, we set E(q)= {(A,r)'A%(p)z'(q,r),rvap) c G C We will first give the "enumerative answer" to this problem; i.e., we will compute the intersection number l( g, r, d) ( C Cd_r_p) in C a. Then, by applying the strong form of the Castelnuovo-Severi-Kleiman conjecture and some Schubert calculus, we will give the actual answer on a generic Castelnuovo canonical curve, which turns out to be exactly t(g,r, d). Going back to our family Ct) of curves degenerating to C 0, we have then the following situation: we know from the results of [9] Checking then that no component of C(C,) may miss Cd_r_p(C,) entirely, we conclude the desired statements IIb and IIc for a general curve C, of our family (C), and hence for a general curve of genus g.
(b) To compute the intersection number C. X r+P on the symmetric product we shall use the following notations and facts from [1] , in which there are proofs and references to the original sources:
(1) r C d-J(C) denotes the standard map to the Jacobian (r is denoted by/ in [5] (iv) The class of C is given by
Multiplying the right-hand column of this matrix by x r+' and applying the push-pull formula r,(a. r*fl)= r,a./3 gives # (C," X' ) detc
It is well known that og-d+2r+p o , it will be convenient for our present purposes to use a notation for r that is consistent with the push-forward map i, in homology, e.g., to set, for any collection of integers 0 < a 0 < a < a 2 < < a < ar, 
